In order to better understand the structure of indecomposable projective Mackey functors, we study extension groups of degree 1 between simple Mackey functors. We explicitly determine these groups between simple functors indexed by distinct normal subgroups. We next study the conditions under which it is possible to restrict ourselves to that case, and we give methods for calculating extension groups between simple Mackey functors which are not indexed by normal subgroups. We then focus on the case where the simple Mackey functors are indexed by the same subgroup. In this case, the corresponding extension group can be embedded in an extension group between modules over a group algebra, and we describe the image of this embedding. In particular, we determine all extension groups between simple Mackey functors for a p-group and for a group that has a normal p-Sylow subgroup. Finally, we compute higher extension groups between simple Mackey functors for a group that has a p-Sylow subgroup of order p.
Introduction
We study extension groups of degree 1 between simple Mackey functors for a group G. The calculation of these groups is a very important tool in determining the Loewy series of an indecomposable projective Mackey functor. In [7] , Thévenaz and Webb proved that Mackey functors may be seen as modules over a finite-dimensional algebra. This allows one to apply the representation theory of such algebras, such as for example the existence of projective covers. Moreover, the classification of simple Mackey functors (see [8] ) gives a parametrization of the indecomposable projective Mackey functors over a field, which enabled Thévenaz and Webb to describe many properties of these projective functors. Let us cite some articles about these projective functors. In [3] , Bouc deals with some standard resolutions of Mackey functors, in [9] Webb, constructs some specific filtration of projective functors. In [10] and in [11] , Yaraneri studies Clifford theory and inflation of projective functors. Finally, there is a study of the socle of projective functors in [6] . Nevertheless, there is still a lot left to understand about the structure of such Mackey functors.
We begin by explicitly calculating extension groups between simple functors indexed by distinct normal subgroups. We then give some conditions under which it is possible to restrict to this case. When this restriction is not possible, we obtain some information about extension groups using some specific Mackey functors, called functors T , whose definition is similar to those of the simple Mackey functors described in the classification. This enables us to give methods for calculating extension groups between simple Mackey functors which are not indexed by normal subgroups.
We also study the case of extension groups between simple Mackey functors indexed by the same subgroup. These groups may be embedded in an extension group between modules over group algebras. We describe the image of this embedding and we give some conditions under which it is an isomorphism. In particular, this is the case when G is a p-group or when G has a normal Sylow p-subgroup.
Extension groups of higher degree are closely related to minimal projective resolutions of simple Mackey functors. We exhibit some of these resolutions in the case of a group G whose order is not divisible by p 2 , which is the case where the Mackey algebra has finite representation type. In particular, we show that every simple Mackey functor for such a group possesses a minimal projective resolution which is periodic. Throughout this paper, G denotes a finite group and k an algebraically closed field of characteristic p. We write H
G (respectively H < G) to indicate that H is a subgroup of G (respectively a proper subgroup of G). If H and K are subgroups of G, K = G H means that K is G-conjugate to H , and similarly we write K G H (respectively K < G H ) when K is G-conjugate to a subgroup of H (respectively a proper subgroup of H ). The transporter from K to H , which is {g ∈ G | g K g −1 H}, is denoted T G (K , H). We denote by [K \G/H] an arbitrary set of representatives of double cosets K g H.

Finally, for H G and g ∈ G, we write N G (H) = N G (H)/H,
g H = g H g −1 and H g = g −1 H g.
Preliminaries
We shall use the same notation and basic constructions which appear in [7] . Let us summarize the most basic ones. We will work with Mackey functors for a finite group G over an algebraically closed field k of characteristic p. If M is such a functor, it possesses operations of induction I 
and a ∈ M(K ) (using the formula of evaluation at K of an induced Mackey functor described above).
Proof. Using properties of adjunction given by Propositions 4.2, 5.1 and 6.1 of [8] , we obtain the following bijections:
Moreover, using the hypothesis on M, one obtains
Finally, in order to determine the application ϕ −1 , we just need to follow the proofs of the above 
where F P V is the fixed point functor (see [8] , Section 6). Moreover, this simple subfunctor is isomorphic to (Inf
is the subfunctor of F P V defined by S inclusion. Indeed, as S( J ) = 0 = S(Q ), the application R Q J of the functor T comes from those of 
Furthermore, due to the definition of N, the module N( J ) is zero if the subgroup J does not contain Q (one can see this using Proposition 2.4 of [7] , with χ being the set of subgroups of Q ).
Moreover, the applications of induction, restriction and conjugation of M/S are the same as those of the functor Inf G G/Q F P V (using the definition of inflation and the fact that the functor S is zero when evaluated at the subgroups containing Q ). Hence, N can be identified to the subfunctor of Inf
it is thus isomorphic to S Q ,W . Consequently, if T is a simple subfunctor of M/S, isomorphic to S Q ,W , then N must be a non-zero subfunctor of T , as T (Q ) = V and as N is the smallest subfunctor of M/S whose evaluation at Q equals V . Since T is simple, it follows that T = N; or in other words, there is exactly one copy of S Q ,W in the second socle layer of M. Thus, in this case,
Let us next assume that Q < H . Then The problem now is to determine when it is possible to restrict the general case to the case where the subgroups indexing the simple functors are normal. To answer this question, we will introduce functors, called functors T , whose definition is similar to those of simple functors determined in the classification, except that they are not indexed by simple modules.
These functors may be characterized in the following way: 
V ). The functor T H,V is then isomorphic to (Inf
Proof. The proof is similar to the one of Lemma 8.1 of [8] 
0 sinon.
Using the previous result, we obtain, for every G-set X ,
These functors T possess properties that entirely characterize them (in a similar way as simple Mackey functors). 
Proof. If M = T H,V , then H is by definition a minimal subgroup of M. Moreover, as M is generated by its value in H , the application
conjugate to a subgroup of K ). Thus
and consequently Im(I χ ) = T H,V . In a similar way,
Conversely, assuming that M is a Mackey functor satisfying the above properties, H is then a minimal subgroup such that M(H) = 0 and Proposition 1.1 leads us to the following isomorphism (where V = M(H)): K ,
, which is trivial; or in other words ϕ is injective. Hence, M may be identified with a subfunctor of (Inf 
We shall show next that T H is fully faithful. On the one hand, if
. Indeed, using Proposition 2.5, one only need to check that the evaluations at H of these two morphisms are the same; one have T H (ψ(H))(H) = ψ(H), by definition of the functor T H . Finally, we verify that the functor T H preserves injections and surjections using its definition. 2
These functors T H,V are a generalization of simple functors, as they are simple precisely when the module V is simple:
Proposition 2.7. Let H be a subgroup of G and V a kN G (H)-module. The functor T H,V is simple if and only if the module V is simple.
Proof. If V is simple, then the definition of the functor T H,V coincides with that of the simple functor S H,V , and hence T H,V is simple. Conversely, if V possesses a proper non-zero submodule U , then using Proposition 2.6, we obtain that T H,U is a proper non-zero subfunctor of T H,V . Consequently,
These functors are also indecomposable precisely when the corresponding module is indecomposable:
Proposition 2.8. Let H G and V a kN G (H)-module. The functor T H,V is indecomposable if and only if the module V is indecomposable. More precisely, V = U ⊕ W if and only if T H,V = T H,U ⊕ T H,W .
Proof. Suppose that
, and using the hypothesis, we may assume that V = M 1 (H), without lost of generality. Moreover, the fact that the functor T H,V is generated by its value in H implies that T H,V = M 1 and M 2 = 0 and consequently, T H,V is indecomposable. Conversely, suppose that V = U ⊕ W with U and W non-zero. Then, we obtain T H,V = T H,U ⊕ T H,W , using Proposition 2.6. In particular, the functor T H,V is not indecomposable. 
, whose image is contained in the socle of M j which equals S H,W j by Lemma 8.1 of [8] . Hence, the image of the application 
whose image is contained in the socle of M which is precisely equal to S K ,U by Lemma 8.1 of [8] . By Proposition 1.1 this implies the existence of a non-zero morphism α :
is induced from H ; hence, the above quotient is zero. Consequently, K = G H which leads to the existence of a non-zero homomorphism ϕ of kN G (H)-modules from V to U ; or in other words, there exists an index j such that U ∼ = W j . Thus, S is a quotient of T H,Hd(V ) . 2
Functors T are more complicated than simple functors, but they have the property of being stable by restriction, which will be very useful for restricting extension groups between functors T to those between functors T indexed by normal subgroups.
Proposition 2.10. Let H and L be subgroups of G, and let V be a kN
, (H) and hence, using Mackey formula,
Proof. By Lemma 2.3, T H,V = (Inf
. Note by the way that this property is not verified for simple Mackey functors, because usually the module V is not simple as
where the last equality comes from the definition of the functor T 
where the modules V g,i are simple for every g ∈ I . Thanks to Proposition 2.10, we have
; or in other words, the functor ) where Ind
) is the induced of the module V from N J (H) to N G (H).
Proof. First of all, let us remark that for every subgroup L of a group M and for every kM-module A and every kL-module B, we have We will use the definition of the functors T using G-set (see Proposition 2.4). Let X be a G-set. Using the previous result we obtain
We are now able to prove that the calculation of extension groups between functors T restricts itself to the case where these functors T are indexed by normal subgroups.
Proposition 2.13. Let H and Q be subgroups of G, V a kN G (H)-module and W a kN
or in other words, the calculation of extension groups between functors T restricts itself to the case where these functors are indexed by normal subgroups.
Proof. Using the properties of adjunctions between restriction and induction (see Proposition 4.2 of [8] ) and Proposition 2.10, we obtain:
where the last isomorphism comes from the fact that
We are now able to characterize the situations where determining extension groups of degree 1 between simple Mackey functors restricts itself to the case where simple functors are indexed by normal subgroups. Moreover, in these situations, we can even compute these groups explicitly. 
Proposition 2.14. Let H and Q be subgroups of a group G, V a simple kN G (H)-module and W a simple kN G (Q )-module. Let I = [N G (Q )\T G (H, N G (Q ))/N G (H)], N = N G (Q ) and for every g
Proof. As restriction of the trivial module k to any subgroup of G is again the trivial module, we can apply Proposition 2.14 to obtain the result. 2
We can finally deal with the case where the group G possesses a normal Sylow p-subgroup. We will conclude this section by exhibiting certain cases where the extension groups between functors T are trivial. To begin with, we have the following result: 
Theorem 2.16. Let G be a group possessing a normal Sylow p-subgroup P . Let Q and H be non-conjugate subgroups of G, let V be a simple kN G (H)-module and let W be a simple kN G (Q )-module. Let I = [N G (Q )\T G (H, N G (Q ))/N G (H)], and for every g ∈ I, let N = N G (Q ) and M g = N G ( g H) ∩ N. For every g ∈ I, the modules Res
N G ( g H) N N ( g H) (c g (V )) (respectively Res N G (Q ) N M g (Q ) (c g (W ))) decompose
Proposition 2.17. Let H and Q be subgroups of G, let V be a kN G (H)-module and let W be a kN G (Q )-module. The group Ext(T Q ,W , T H,V ) is trivial unless H G Q or Q G H.
Proof. Assume that H G Q and that
given by evaluation at H .
The application i(H)| V i : V i → M(H) is injective.
Since P U is an injective module, there exist ap-
P U via the previous bijection. We shall show the next two results:
Let us begin with (i). As H G Q , the module T H,V (Q ) is zero and hence, the application
which is equal to zero since Q does not contain any conjugate of H . Thus, M(Q ) = Ker(ϕ)(Q ). Consequently, for J G,
More precisely, we calculate that
o t h e r w i s e and
To fully describe the functor T , it is still necessary to mention that restrictions are inclusions and that the conjugation by an element x is the multiplication by x.
Let us now define the subfunctor
can verify that L is a subfunctor and that N/L ∼ = S P ,k . In addition, N has no subfunctor isomorphic to S P ,k . Consequently, there exists a non-split extension 0 → T 1,Rad(kP ) → N → S P ,k → 0 and thus, Ext(S P ,k , T 1,Rad(kP ) ) = 0 and [P : 1] = p 2 .
Extensions between simple Mackey functors indexed by the same subgroup
Let us now focus on the case of extension groups between simple Mackey functors indexed by the same subgroup. First of all, we can restrict ourselves to the case where this subgroup is normal. Indeed, by Proposition 2.13,
,
Moreover, by Theorem 2.17, the group Ext
, as H is a normal subgroup of M g , the group above is non-zero only if 
The first important property of this morphism is the following: Proposition 3.1. The morphism η H is injective.
Proof. As we have just seen, we may suppose that H is a normal subgroup of G. (H)(N(H) ).
All that remains to be proven is thatσ i = id. In order to do so, let us point out that the application
The main problem is thus to determine when the application η H is surjective. Using the previous result, we can describe the image of the application η H in terms of the modules
Extension groups of higher degree: An example
We will now focus on extension groups of higher degree in a framework where we know the structure of the indecomposable projective Mackey functors: the case of a group which has a Sylow psubgroup of order p. Thévenaz and Webb indeed proved that Mack k (G) has finite representation type if and only if p 2 does not divide the order of G and under this assumption, they explicitly described the structure of the indecomposable projective Mackey functors (see [7] , Sections 18 and 20). First of all, let us remark that the problem of determining extension groups of higher degree is equivalent to finding minimal projective resolution of simple Mackey functors. Indeed, P : S) ) , where the sum is taken over the simple Mackey functors S (up to isomorphism) and where P S is the projective cover of S.
Given a group G with a Sylow p-subgroup C of order p, we are interested in determining the minimal projective resolution of simple Mackey functors. As there is an equivalence of categories between Mack k (G, J ) and Mack k (N G ( J ), 1) (see [7] , Theorem 10.1), we can work in Mack k (G, 1) and thus merely deal with simple Mackey functors indexed by p-subgroups of G (which are 1 and C ). Since our goal is to determine extension groups between two simple Mackey functors, we may take these functors inside the same block (otherwise the extension group is trivial).
We begin by studying the case where C is normal. In this case, C acts trivially on every simple kG-module V , hence every simple kG-module is also a simple kG/C -module. Moreover, blocks of of kG. Thévenaz and Webb explicitly described the structure of projective Mackey functors in this context (see [7] , Theorem 20.1). Let us give a quick reminder of their Theorem: let B be a block of kG and V 1 , . . . , V e the simple modules in this block. These modules are all 1-dimensional, and e divides p − 1. Moreover, for every 1 i e, the projective cover P V i of the module V i is uniserial and it is possible to index these modules so that the Loewy series of P V i equals:
. . . 
Moreover, the projective functor P 1,V i has a simple socle, isomorphic to S 1,V i , and Rad(P 1, 
We are now able to construct the minimal projective resolution of the simple Mackey functors indexed by the Sylow p-subgroup: 
In particular, this resolution is periodic of period 4e.
Proof. The projective resolution can be explicitly constructed using the structure of the projective 
We can now use Proposition 4.1 to show that if G is a group which has a Sylow p-subgroup C of order p (not necessarily normal), then every simple Mackey functor for G indexed by C possesses a minimal projective resolution which is periodic. where e is the number of simple modules which lie in the same block of N G (C) as the module V . Next, we apply the induction functor from N G (C) to G to the resolution (P ). As the induction functor is exact (see [8] , Proposition 4.2) and as induction preserves projectives (see Proposition 1.4), we get a projective resolution of S G C ,V which is periodic. So, we deduce that the minimal projective resolution of S G C ,V is also periodic of period dividing 4e. 2
We will now focus on the simple Mackey functors indexed by the trivial subgroup for the group C C e , where C ∼ = C p , where C e acts faithfully on C and where e divides p − 1. Let us stress the fact that this case is fundamental in the frame of group algebras kG, where G is a group which has a Sylow p-subgroup of order p. Indeed, one can show that if B is a block of the algebra kN G (C), then B is Morita-equivalent to the category of the k(C C e )-modules, and the simple or projective modules are preserved by this equivalence (see [2] , Proposition 6.5.4 and Section 2.2).
If G = C C e , then the group algebra kG has only one block containing all the simple kG-modules which are also simple kG/C -modules. Since G/C ∼ = C e , there are exactly e simple modules, V 1 , . . . , V e , all of dimension 1. More precisely, if we let ζ be a e th primitive root of unity and g a generator of C e , then V i = kx i and the action of g is given by gx i = ζ i x i for every i = 1, . . . , e, with a cyclic ordering of the indexes. Consequently, Mack k (G, 1) 
where B j equals P 1,V j+1 → P C ,V j+1 ⊕ P 1,V j → P C ,V j ⊕ P 1,V j+1 → P 1,V j for every j = 1, . . . , e. In particular, this resolution is periodic, of period 4e.
Proof. The first thing to do is to construct minimal projective resolution of simple Mackey functor S 1,k for the cyclic group C of order p. We can then induce the resolution from C to G and we get the result, using Proposition 1.4, Theorem 1.3 and Proposition 4.2. For details, see [5] , Proposition 3.2.9. 2 Again, we can state the corresponding result about the extension groups. As for the case of simple Mackey functors indexed by the Sylow p-subgroup, we can show that, if G is a group with a Sylow p-subgroup C of order p, then every simple Mackey for G indexed by the trivial subgroup has a periodic minimal projective resolution. Nevertheless, the situation is more complicated since one cannot see S 1,V as induced from a Mackey functor for the group C C e , where e divides p − 1. However, we will see that there exists an indecomposable Mackey functors M for C such that S 1,V is a direct summand of M↑ G C . We will thus begin by showing that every indecomposable Mackey functors for the cyclic group of order p has a minimal projective resolution which is periodic: Proof. We use the list of indecomposable Mackey functors for P explicitly constructed in the proof of Theorem 18.1 of [7] . We then construct their minimal projective resolution by direct calculation (for details, see [5] , Proposition 3.2.11). 2 Remark. If the module V is simple and projective, then the Mackey functor S 1,V is also projective (see [7] , Corollary 17.3) and consequently, the minimal projective resolution of S 1,V is trivial.
Proof. Proposition 11.4 of [7] states that C is a vertex of S 1,V and that T C 1,U is a source of S 1,V , where U is a source of V . Thus, S 1,V is a direct summand of T C 1,U ↑ G C , which is an indecomposable Mackey functor for C (see Proposition 2.8). Hence, thanks once again to Proposition 4.6, we know that it has a minimal projective resolution which is periodic. As induction is an exact functor (see [8] 
